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ON A CONJECTURE ON THE VARIETY OF LINES ON FANO
COMPLETE INTERSECTIONS
SAMIR CANNING
Abstract. The Debarre-de Jong conjecture predicts that the Fano variety of lines on a
smooth Fano hypersurface in Pn is always of the expected dimension. We generalize this
conjecture to the case of smooth Fano complete intersections and prove that for a smooth
Fano complete intersection X ⊂ Pn of hypersurfaces whose degrees sum to at most 7, the
Fano variety of lines on X has the expected dimension.
1. Introduction
Let X be a general degree d hypersurface in Pn := Pn
C
. It is well known that the Fano
variety of lines on X , F(X), has dimension 2n−d−3. For any smooth degree d hypersurface
in Pn, we call this number the expected dimension of the Fano variety of lines. The following
conjecture of Debarre and de Jong predicts that the Fano variety of lines on a smooth Fano
hypersurface always has the expected dimension.
Conjecture 1.1 (Debarre, de Jong). Let X ⊂ Pn be any smooth hypersurface of degree d.
If d ≤ n, then F(X) has the expected dimension.
The conjecture for d = 3 is classical. Collino [4] proved the result for d = 4. Debarre [5]
proved the d = 5 case. In [1], Beheshti proved the cases d ≤ 6, and then with different
techniques in [2], she proved the cases d ≤ 8. More recently, in [3], Beheshti and Riedl
proved the conjecture for any n ≥ 2d− 4 .
The purpose of this paper is to state and investigate a generalization of the Debarre-
de Jong conjecture for complete intersections. Let X ⊂ Pn be a complete intersection of
s hypersurfaces of degrees d1, . . . , ds, and set d :=
∑
di. In Proposition 2.1, we prove a
well-known result that for a general such X , the dimension of F(X) is 2n − d − s − 2 if
2n− d − s− 2 ≥ 0 and F(X) is empty otherwise. It then seems reasonable to formulate a
generalized version of the Debarre-de Jong conjecture.
Conjecture 1.2. Let X be a smooth, Fano complete intersection of s hypersurfaces of degrees
d1, . . . , ds with
∑
di = d in P
n. Then F(X) has the expected dimension 2n− d− s− 2.
The Fano assumption in Conjecture 1.2 is necessary. For example, it is well known that
the Fano variety of lines on a Fermat hypersurface of degree d in Pn is of dimension n− 3,
which is larger than expected when d ≥ n. Moreover, there are K3 surfaces containing lines
that are complete intersections of Fano hypersurfaces. See, for example, [6, Chapter 10] for
the case of an intersection three quadrics in P5.
The main result of this paper proves Conjecture 1.2 for some low values of d analogously
to Beheshti’s work in [1].
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Theorem 1.3. Let X be a smooth, Fano complete intersection of s ≥ 2 hypersurfaces of
degrees d1, . . . , ds in P
n with
∑
di = d. If d− s ≤ 5, then F(X) has the expected dimension
2n− d− s− 2.
Combined with Beheshti’s result, Theorem 1.3 implies that Conjecture 1.2 is true for low
values of d.
Corollary 1.4. Conjecture 1.2 is true if d ≤ 7.
In addition, it resolves the conjecture for some smooth, Fano complete intersections where
the sum of the degrees of the hypersurfaces is d ≤ 10. Let V (d1, . . . , ds) denote any smooth,
Fano complete intersection of s hypersurfaces with
∑
di = d. For 8 ≤ d ≤ 10, Theorem
1.3 implies that Conjecture 1.2 is true for V (2, 2, 2, 2), V (2, 2, 4), V (2, 3, 3), V (2, 2, 2, 3), and
V (2, 2, 2, 2, 2).
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2. The Expected Dimension
In this section, we give a proof of a well-known result on the expected dimension of the
Fano variety of lines of a smooth complete intersection.
Proposition 2.1. Let X ⊂ Pn be a smooth complete intersection of s hypersurfaces of
degrees d1, . . . , ds with
∑
di = d. Then dimF(X) ≥ 2n − d − s − 2. If X is general, then
dimF(X) = 2n− d− s− 2 if d ≤ 2n− s− 2, and F(X) is empty otherwise.
Proof. Let V be an (n + 1)-dimensional vector space. Define Sym
~d(V ∗) := ⊕si=1 Sym
di(V ∗).
A form ~f = (f1, . . . , fs) ∈ Sym
~d(V ∗) defines an intersection X = V (~f) ⊂ Pn of hypersurfaces
of degrees d1, . . . , ds. Let G(1, n) denote the Grassmannian of projective lines in P
n, and let
I be the incidence correspondence defined by
I := {(~f, l) : l ⊂ V (~f)} ⊂ Sym
~d(V ∗)×G(1, n)
Let p1 : I → Sym
~d(V ∗) and p2 : I → G(1, n) be the restrictions of the projection maps to I.
The fiber p−11 (
~f) is naturally identified with F(V (~f)). For a point [l] ∈ G(1, n), let W ⊂ V
denote the subspace such that P(W ) = l. Then there is a surjection Sym
~d(V ∗)→ Sym
~d(W ∗)
whose kernel corresponds to intersections of hypersurfaces of degrees d1, . . . , ds containing l.
Hence p−12 (l) is naturally identified with a linear subspace of Sym
~d(V ∗) whose codimension
is dimSym
~d(W ∗) = d+ s. It follows that I is smooth and irreducible of codimension d+ s.
Suppose d > 2n − s − 2. Then dim I < dimSym
~d(V ∗), so, for a general choice of ~f ,
p−11 (
~f) = F(V (~f)) is empty.
On the other hand, let d ≤ 2n− s− 2. To prove the proposition, it suffices to show that
p1 is surjective. Because we showed I is smooth, it suffices to show that the map induced by
p1 on Zariski tangent spaces is surjective at a point. Let l ∈ G(1, n) be any line. Note that
the kernel of the map on tangent spaces T(~f ,l)I → T~f Sym
~d(V ∗) is TlF(X) ∼= H
0(l, Nl/X).
Thus, to show surjectivity of T(~f ,l)I → T~f Sym
~d(V ∗), it suffices to show that h0(l, Nl/X) =
2
2n − d − s− 2. We choose coordinates on Pn so that l is given by x2 = · · · = xn = 0. The
condition that l ⊂ X = V (~f) is that for 1 ≤ i ≤ s, we can write
fi = x2fi2 + · · ·xnfin
We then have the exact sequence
0→ Nl/X → Ol(1)
n−1 → ⊕si=1Ol(di)→ 0
The map Ol(1)
n−1 → Ol(di) is given by the matrix (fi2, . . . , fin). For a general choice of ~f ,
the induced map
H0(l,Ol(1)
n−1)→ H0(l,⊕si=1Ol(di))
is given by a matrix of full rank, so it is surjective. By the long exact sequence in cohomology,
we have
h0(l, Nl/X) = h
0(l,Ol(1)
n−1)− h0(l,⊕si=1Ol(di))
= 2(n− 1)−
s∑
i=1
(1 + di)
= 2n− d− s− 2.

3. Reduction to d = n
In this section, we generalize some lemmas from [1] to the complete intersection setting.
We first show that it suffices to prove Conjecture 1.2 for d = n.
Lemma 3.1. If the dimension of F(Y ) is the expected dimension for every smooth com-
plete intersection Y of s hypersurfaces of degrees d1, . . . , ds with
∑
di = d in P
d, then the
dimension of F(X) is the expected dimension for all smooth complete intersections X of
hypersurfaces of degrees d1, . . . , ds with
∑
di = d in P
n for any n ≥ d.
Proof. Fix an X as in the statement of the lemma. Let l ⊂ X be a line. By a Bertini type
argument, we can choose a linear subspace Λ ∼= Pd such that l ⊂ Λ and Λ∩X = Y is smooth.
We have that Y is a smooth complete intersection of s hypersurfaces of degrees (d1, . . . , ds)
in Λ. Then F(Y ) is the intersection of F(X) with a 2(n − d)-dimensional Schubert cycle
parameterizing lines in Pn contained in Λ. We obtain that
d− s− 2 = dim[l]F(Y ) ≥ dim[l]F(X)− 2(n− d).
Therefore, dim[l]F(X) ≤ 2n− d− s− 2, as desired. 
Remark 3.2. The proof of this lemma tells us that to prove the conjecture for a given X ,
it suffices to prove the conjecture for a general linear section of X .
We also need a lemma that gives an upper bound on the dimension of the variety swept
out by lines on a Fano complete intersection.
Lemma 3.3. Let X be a smooth complete intersection of s hypersurfaces of degrees d1, . . . , ds
with
∑
di = d in P
n. If d ≥ n, then X is not covered by lines.
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Proof. We suppose that X is covered by lines and prove that in this case, d ≤ n − 1. It
suffices to show that the normal bundle to a general line on X is globally generated. Indeed,
because Nl/X is a vector bundle on P
1, it splits as a direct sum of line bundles,
Nl/X = O(a1)⊕ · · · ⊕ O(an−s−1).
Further, each ai is nonnegative because Nl/X is globally generated. From the exact sequence
0→ Nl/X → Nl/Pn → NX/Pn |l → 0,
we see that n− 1− d = a1 + · · ·+ an−1−s ≥ 0. Therefore, d ≤ n− 1.
To prove that Nl/X is globally generated, define an incidence correspondence I by
I := {(p, l) : p ∈ l} ⊂ X × F(X).
Let p1 : I → X be the restriction of the first projection map, and p2 : I → F(X) the
restriction of the second projection. Let (p, l) be a general point of I. Because TlF(X) =
H0(l, Nl/X), we have the diagram
T(p,l)I
dp2
−−−→ H0(l, Nl/X)ydp1
yβ
TpX
α
−−−→ Nl/X ⊗ κ(p)
The map α comes from the tangent bundle sequence for l ⊂ X . The map dp1 is surjective
because X is covered by lines. Hence, the image of α ◦ dp1 is (n − s − 1)-dimensional. By
the commutativity of the diagram, we see that the image of β is (n − s − 1)-dimensional,
which implies Nl/X is globally generated.

4. Proof of the Main Theorem
Our main tools will be the Lefschetz hyperplane theorem, the following result of Beheshti
[1, Theorem 2.1] and a theorem classifying varieties with many lines, one part of which is
due to Segre [8] and the other due to Rogora [7, Theorem 2].
Theorem 4.1 (Beheshti). Let X be a smooth complete intersection of s hypersurfaces of
degrees d1, . . . , ds with
∑
di = d. Let Y be an irreducible subvariety of F(X) such that the
lines on X corresponding to points on Y sweep out a divisor. If d ≥ n − 1, then Y is not
uniruled.
Theorem 4.2 (Segre, Rogora). Let S be a k-dimensional subvariety of Pn such that n−k ≥
3. Then S has an at most 2k − 2-parameter family of lines.
(1) If S has a (2k − 2)-parameter family of lines, then S ∼= Pk.
(2) If S has a (2k − 3)-parameter family of lines, then S is either a quadric or a 1-
parameter family of Pk−1.
(3) If S has a (2k − 4)-parameter family of lines, then S is either a 1-parameter family
of (k − 1)-dimensional quadrics, a 2-parameter family of Pk−2, or the intersection of
6− k hyperplanes with the Grassmannian G(1, 4) ⊂ P9 in its Plu¨cker embedding.
With these tools, we will now prove Theorem 1.3.
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Proof of Theorem 1.3. By Lemma 3.1, we can reduce to the case d = n. First, we deal with
the case d− s = 2. In this case, dim(X) = 2, so by Lemma 3.3, the subvariety swept out by
lines on X has dimension at most one. Therefore, there are only finitely many lines on X ,
so dimF(X) = 0 as expected.
Next, suppose that d − s = 3. We have dim(X) = 3, so the dimension of the subvariety
swept out by lines on X is at most 2. Any two dimensional variety with a 2-parameter family
of lines is isomorphic to P2 by Theorem 4.2, but because X is smooth this is impossible by
the Lefschetz hyperplane theorem. Therefore, dimF(X) = 1 as expected.
Now suppose that d − s = 4. Then dim(X) = 4, and the variety Σ swept out by lines
on X is of dimension at most 3 by Lemma 3.3. Because the expected dimension of F(X) is
2, we can assume by Theorem 4.2 that dim(Σ) = 3, as a 2-dimensional variety contains at
most a 2-parameter family of lines. Also by Theorem 4.2, we know that Σ can have at most
a 4-parameter family of lines. If it has a 4-parameter family of lines, then Σ is isomorphic
to P3 by Theorem 4.2, which is impossible by the Lefschetz hyperplane theorem. If it has
a 3-parameter family of lines, then it is either a quadric threefold or a 1-parameter family
of planes. The former contradicts the Lefschetz hyperplane theorem. For the latter case,
note that the union of the Fano variety of lines on the planes which sweep out Σ form a
component of the Fano variety of lines on Σ. This component is uniruled, which contradicts
Theorem 4.1.
Finally, suppose that d − s = 5, so that dim(X) = 5. By Lemma 3.3, the dimension of
the variety Σ swept out by lines on X is at most 4. If Σ is a threefold, it can have at most
a 4-parameter family of lines by Theorem 4.2. If it does have a 4-parameter family of lines,
then Σ ∼= P3 by Theorem 4.2, which is impossible by the Lefschetz hyperplane theorem. So
we can assume that Σ is a fourfold. It can have at most a 6-parameter family of lines on
it. Again by the Lefschetz hyperplane theorem, X does not contain a P4, so Σ cannot have
a 6-parameter family of lines by Theorem 4.2. The Lefschetz hyperplane theorem also rules
out the possibility that Σ has a 5-parameter family of lines. Indeed, X cannot contain a
quadric fourfold, which is the remaining possibility from Theorem 4.2 if Σ has a 5-parameter
family of lines, as we have already ruled out the case of X containing a P3. Finally, we
exclude the case where Σ has a 4-parameter family of lines. By Theorem 4.2, this situation
occurs when Σ contains a 1-parameter family of quadric threefolds, a 2-parameter family of
planes, or the intersection of 2 hyperplanes with the Grassmannian G(1, 4) in its Plu¨cker
embedding. The Lefschetz hyperplane theorem excludes the possibility of X containing a
quadric threefold or a linear section of the Grassmannian G(1, 4) in its Plu¨cker embedding,
which is of degree five. The case in which Σ is a 2-parameter family of planes cannot occur
by Theorem 4.1. Indeed, for dimension reasons, the union of the Fano variety of lines in the
planes which sweep out Σ form a component of the Fano variety of lines on Σ, and hence on
X . This component is uniruled. 
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